Abstract. For a prime p, a Diophantine m-tuple in F p is a set of m nonzero elements of F p with the property that the product of any two of its distinct elements is one less than a square.
Introduction
A Diophantine m-tuple is a set of m positive integers with the property that the product of any two of its distinct elements is one less than a square. If a set of nonzero rationals has the same property, then it is called a rational Diophantine mtuple. Diophantus of Alexandria found the first example of a rational Diophantine quadruple {1/16, 33/16, 17/4, 105/16}, while the first Diophantine quadruple in integers was found by Fermat, and it was the set {1, 3, 8, 120}. It was proved in [3] that an integer Diophantine sextuple does not exist and that there are only finitely many such quintuples. A folklore conjecture is that there does not exist an integer Diophantine quintuple. On the other hand, it was shown in [6] that there are infinitely many rational Diophantine sextuples (for another construction see [5] ), and it is not know if there are rational Diophantine septuples. For a short survey on Diophantine m-tuples see [4] .
One can study Diophantine m-tuples over any commutative ring with the unity. In this paper, we consider Diophantine m-tuples in finite fields F p , where p is a prime. In this setting, it is natural to ask about the number N (m) (p) of Diophantine m-tuples with elements in F p (we consider 0 to be a square in F p ).
Since half of the elements of F The main theorem of the paper gives an exact formula for the number of Diophantine quadruples N (4) (p) given in terms of the Fourier coefficients of the following modular forms.
Let
a(n)q n ∈ S 2 (Γ 0 (32)) ,
e(n)q n ∈ S 5 Γ 0 (4), −4
• , be (unique) newforms in the corresponding spaces of modular forms. Note that all modular forms except f 4 (τ ) are CM forms so we have explicit formulas of their Fourier coefficients which are given in Section 4.2. (p 4 − 24p 3 + 236p 2 − 1050p + 1761 + q(p)) , if p ≡ 7 (mod 8).
The Ramanujan-Petersson conjecture (which is a theorem for holomorphic cusp forms) implies that q(p) = O(p 2 ), so we have N (4) (p) = 1 24·64
. In addition to this, using a more elementary approach of character sums, in Propositions 6.2 and 6.3 we derive formulas for the number of Diophantine pairs N (2) (p) and the number of Diophantine triples N (3) (p) in F p . Already for m = 4 this method becomes too involved.
For a general m it is natural to ask how large p must be so that there is at least one Diophantine m-tuple in F p . In Theorem 6.1, we prove that this is the case if p > 2 2m−2 m 2 . The rest of the paper is organized as follows. In Section 2, we show a correspondence between Diophantine quadruples {a, b, c, d} and triples (Q 1 , Q 2 , Q 3 ) of F p -points on the curve D t : (x 2 − 1)(y 2 − 1) = t, where t = abcd. If t = 0, 1, the curve D t is birationally equivalent to the elliptic curve E t : S 2 = T 3 − 2(t − 2)T 2 + t 2 T , with the distinguished point R = [t, 2t] of order 4. Hence we identify D t (F p ) with E t (F p ) := E t (F p ) − {O, R, 2R, 3R}. Conversely, the triple (Q 1 , Q 2 , Q 3 ) of points oñ E t (F p ) corresponds to a Diophantine quadruple if and only if x(Q 1 + Q 2 + Q 3 + R) is a square, and if for no two Q i and Q j , i = j, we have that Q i = ±Q j + kR, where k ∈ {0, 1, 2, 3}. We call such triple admissible.
In Section 3, we find a formula for N (4) (p) by counting admissible triples onẼ t (F p ) for each t. The formula can be written (see Propositions 3.2 and 3.3) as a linear combination of sums of the form t∈X(Fp) P (t) k , where X is one of the modular curves (for definitions see Section 4.1 )
and P (t) is the number of F p -rational points on the fiber above t of the universal elliptic curve over the modular curve X, and k ∈ {0, 1, 2, 3}.
In Section 4, using universal elliptic curves over the modular curves introduced above, we define certain compatible families of ℓ-adic Galois representations such that the trace of Frobenius F p under these representations is essentially equal to the sums above. On the other hand, these representations are isomorphic to the ℓ-adic realisations of the motives associated to the spaces of cusps forms of weight k + 1 on the corresponding groups, which enables us to express the traces of Frobenius in terms of the coefficients of the Hecke eigenforms in those spaces.
In Section 5, using the methods the from previous section in Propositions 5.1-5.6 we calculate the sums from the formula for N (4) (p), and prove Theorem 1.1. By using character sums (Weil's estimates), in Section 6 we obtain formulas for N (2) (p) and N (3) (p), and prove Theorem 6.1 together with an asymptotic formula for N (m) (p).
Correspondence
Let {a, b, c, d} be a Diophantine quadruple with elements in F p , and let . Also, if only one element of quadruple is F p -rational, then all the elements are F p -rational.
The projection (t 12 , t 34 , t 13 , t 24 , t 14 , t 23 , t) → t defines a fibration of C over the projective line, and the generic fiber is a cube of D t : (x 2 − 1)(y 2 − 1) = t. Any point on C corresponds to the three points Q 1 = (t 12 , t 34 ), Q 2 = (t 13 , t 24 ) and Q 3 = (t 14 , t 23 ) on D t . The elements of the quadruple corresponding to these three points are distinct if and only if no two of these points can be transformed from one to another by changing signs and switching coordinates (e.g. for the points (t 12 , t 34 ), (−t 34 , t 12 ) and (t 14 , t 23 ), we have that a = d).
The curve D t for t ∈ F p and t = 0, 1 is birationally equivalent to the elliptic curve
The map is given by T = 2(x 2 − 1)y + 2x 2 − (2 − t), and S = 2T x. The family E t over the t-line together with R = [t, 2t], the point of order 4, is the universal elliptic curve over the modular curve X 1 (4)(we identify P 1 with X 1 (4)). It is easy to see that the affine points on the curve D t are in 1 − 1 correspondence with the set
If Q ∈ E t is the point that corresponds to the point (x, y) ∈ D t , then the points −Q and Q + R correspond to the points (−x, y) and (y, −x). Hence the following lemma follows.
3 corresponds to the quadruple whose elements are not distinct if and only if there are two points, Q i and Q j , such that Q i = ±Q j + kR, where k ∈ {0, 1, 2, 3}.
A short calculation shows that for the point (S, T ) ∈ E t (F p ) we have
Since
for the rationality of a it is enough to prove that
Since the point (0, 0) ∈ E(F p ) is a point of order 2, the usual 2-descent homomor-
p , which is for non-torsion points defined by (T, S) → T (note that (0, 0) → 1), implies the following lemma.
3 corresponds to the Diophantine quadruple whose elements are F p -rational, if and only if
We call a triple (Q 1 , Q 2 , Q 3 ) ∈Ẽ t (F p ) admissible if it corresponds to a Diophantine quadruple, i.e. if x(Q 1 + Q 2 + Q 3 + R) is a square, and if there are no two points Q i and Q j , i = j, such that Q i = ±Q j + kR for some k ∈ {0, 1, 2, 3}.
Counting admissible triples
The main idea of this paper is to count the number N (4) (p) of Diophantine quadruples over F p , by counting the admissible triples (Q 1 , Q 2 , Q 3 ).
Since one Diophantine quadruple (a, b, c, d) corresponds to multiple admissible triples, we count each triple with certain weight w(Q 1 , Q 2 , Q 3 ): if some Q i or Q i ± R has order 2 then the weight is w = 1 2 4 (because one t ij will be equal to 0), otherwise it is w = 
where the sum is over all admissible triples (
is equal to the number of Diophantine quadruples (a, b, c, d) with abcd = t. Also for the correct count, Diophantine quadruples corresponding to the singular fiber D 1 will be counted separately, we denote their number by W (1). For t ∈ F p , t = 0, 1, denote by P (t) = #E t (F p ).
For every Q ∈Ẽ t (F p ), denote by [Q] the set {Q + kR, −Q + kR : k ∈ {0, 1, 2, 3}}. We call such a set the class of Q. a) Let T ∈ E t (F p ) be a point of order two, T = 2R. Then x(T ) is a square if and only if p ≡ 1 (mod 4). b) Let Q ∈ E t (F p ) satisfy 2Q = ±R, and let P ∈ E t (F p ) be such that 2P = Q.
Then x(Q) is a square if and only if the subgroup
Proof. a) The x-coordinates of the points of order two satisfy x(x 2 +(4−2t)x+t
2 is a square if and only if
. Hence the claim follows.
b) It follows from the explicit two-descent theory (see Theorem 1.1. in Chapter X of [15] ) that there is a billinear pairing
where e 2 is the Weil pairing, and δ K is the connecting homomorphism for the Kummer sequence associated to the group variety
2 ). In particular, x(Q) is square if and only if e 2 (P σ − P, 2R) = 1 for all σ, or equivalently if and only if P σ − P ∈ {O, 2R} for all σ (since e 2 (2R, 2R) = 1). The claim follows since 4P = ±R. c) Same as in b), x(T ) is square if and only if e 2 (T σ − T, 2R) = 1 for all σ. Hence, the claim follows.
Remark. Note that half of the points in E t (F p ) will have a x-coordinate equal to a square.
R is not divisible by 2 inẼ t (F p ). In case when x(R) = , we can count triples
, and then choosing all possible elements from these classes. Half of these triples will be admissible since (for every P ∈Ẽ t (F p ) precisely one of x(P ) and x(P + R) is a square). We consider two cases: and classes contain eight elements. Hence,
In the case when x(R) = , we consider two cases: 
Note that in this case W (t) is equal to the W (t) from the b).
classes [Q i ] for which x(Q i ) is a square, and b classes [Q i ] for which x(Q i ) is not a square. Hence
3.2. 2Q = R and x(Q) = . Since 2Q = R for some Q ∈ E t (F p ), the x-coordinates of all the points in any class [Q 1 ] is either a square of a non-square. We consider two cases: classes [Q 1 ] for which x(Q 1 ) is equal to a square (since x(Q) is not a square, and half of the points in E t (F p ) have a x-coordinate which is a square). Hence classes with eight elements, half of which have x-coordinate equal to a square. We calculate
In this case Proposition 3.1 implies that x(T ) is not a square, and x(Q + T ) is a square. There are b =
classes with eight elements, half of which have x-coordinate equal to a square. We calculate W (t) as in i).
3.3. 2Q = R and x(Q) = . We consider two cases. We have classes with eight elements. i) p ≡ 1 (mod 4) Proposition 3.1 implies that x(T ) and x(T + Q) are both squares. Then
.
ii) p ≡ 3 (mod 4) Proposition 3.1 implies that x(T ) and x(T + Q) are not squares. Then
, and we calculate
Putting everything together.
For the fixed prime p we define the following sets:
Remark. Note that it follows from Proposition 3.1 that
We have the following proposition. 
, if p ≡ 7 (mod 8). N) . For more information on modular curves Y (M, N) see [8] .
In Section 5, we will need to know the number of F p -rational cusps on modular curves 
Moreover, the curve X(4, 8) Q(i) has eight cusps defined over Q(i) and eight cusps defined over Q(ζ 8 ), hence the number of F p -rational cusps is equal to
The number of F p -rational cusps on modular curve X 1 (8) Fp is equal to
The curves X 1 (4), X(2, 4), X 1 (8) and X(2, 8) have genus zero, while the curve X(4, 8) has genus one.
Modular forms.
Here we collect some facts about the spaces of modular forms related to the modular curves from the previous subsection. They can be checked using Sage [13] and LMFDB database [9] . Proposition 4.1. Denote by T p the p-th Hecke operator acting on the space of cusp forms
Modular forms f 1 (τ ), f 2 (τ ), f 3 (τ ) and f 5 (τ ) are CM forms, and their Fourier coefficients are given in the following proposition. For some standard facts about CM modular forms see [12, p.9] . Proposition 4.2. Let p be an odd prime and q = e 2πiτ . We have a)
, and
4.3.
Families of universal elliptic curves. Let E 1 , E 2 , E 3 and E 4 be elliptic surfaces fibered over the modular curves X 1 (4), X(2, 4), X 1 (8) and X(2, 8) defined by affine equations (given with the sections of the corresponding orders): together with the maps
Here we identify modular curves X 1 (4), X(2, 4), X 1 (8), X(2, 8) and X(5) with P 1 using parameters t 1 , t 2 , t 3 , t 4 and t 5 .
We have the natural maps
Elliptic surfaces E 1 , E 2 , E 3 and E 4 are universal elliptic curves over the modular curves X 1 (4), X(2, 4), X 1 (8), X(2, 8) and X(4) respectively. Note that X(4) is defined over Q(i). (4), (E, P, Q) → (E, P, 2Q). Then we have
. The two genus one curves y 2 = ±(x 2 − 2x − 1)(x 2 + 2x − 1) are isomorphic to the conductor 32 elliptic curve C : y 2 = x 3 − x, hence, over Q(i) the modular curve X(4, 8) is isomorphic to C (since X(4, 8) is connected). For a different proof see Lemma 13 in [11] .
Therefore, for prime a p ≡ 1 (mod 4) (which splits in Q(i)) we have that
since the modular form f 1 (τ ) = ∞ n=1 a(n)q n corresponds to C by the modularity theorem (as it is the only newform in S 2 (Γ 0 (32))).
Compatible families of ℓ-adic Galois representations of Gal(Q/Q).
To each of these elliptic surfaces and to an integer k, we can associate two compatible families of ℓ-adic Galois representations of Gal(Q/Q). To ease notation, we denote by Γ j , for j = 1, 2, 3, 4, groups Γ 1 (4), Γ(2, 4), Γ 1 (8) and Γ (2, 8) respectively, and by X(Γ j ) the corresponding modular curve. Let k ≥ 0 be an integer and j ∈ {1, 2, 3, 4}.
We define the representation ρ k j,ℓ of Gal(Q/Q) as follows. Let X(Γ j ) 0 be the complement in X(Γ j ) of the cusps. Denote by i the inclusion of X(Γ j ) 0 into X(Γ j ), and by h
For a prime ℓ we obtain a sheaf
0 , and also a sheaf i * Sym k F ℓ on X(Γ j ) (here Q ℓ is the constant sheaf on the elliptic surface E j , and R 1 is derived functor). The action of Gal(Q/Q) on the Q ℓ -space
The second family,ρ k j,ℓ , is ℓ-adic realization of the motive associated to the spaces of cusp forms S k+1 (Γ j ). For the construction see [14, Section 5] .
Similarly as in [1, Section 3], since elliptic surface E j is the universal elliptic curve over the modular curve X(Γ j ), we can argue that these two representations are isomorphic, i.e. ρ k j,ℓ ∼ρ k j,ℓ . In particular, we will frequently use the following proposition. Proposition 4.3. Let k ≥ 0 be an integer and j ∈ {1, 2, 3, 4}. Denote by B the set of Hecke eigenforms in S k+2 (Γ j ). If p ∤ 2ℓ is a prime, then
where a f (p) is the p-th Fourier coefficient of the eigenform f .
Traces of Frobenius. To simplify notation, denote
The Lefschetz fixed point formula and standard facts about elliptic curves and elliptic surfaces over finite fields give the following theorem. (1)
(3) If the fiber E j t is singular, then
if the fiber is split multiplicative, −1 if the fiber is nonsplit multiplicative, 0 if the fiber is additive.
Furthermore,
and
Results

X 1 (4)
. The universal elliptic curve E 1 over X 1 (4) has three singular fibers (over the cusps): additive t = ∞, split multiplicative t = 0, and fiber t = 1 which is split multiplicative if p ≡ 1 (mod 4) and nonsplit multiplicative if p ≡ 3 (mod 4). Denote by
Proof. a) Theorem 4.4 implies that
and the claim follows since dim(S 3 (Γ 1 (4))) = 0 so representation W is zero. b) Since the trace at every singular fiber is 1, Theorem 4.4 implies that
The claim follows from the part a) since dim(S 4 (Γ 1 (4))) = 0, hence T r(F rob p |W ) = 0. c) Theorem 4.4 implies that
The claim follows from the parts a) and b) and Proposition 4.1a)(hence T r(F rob p |W ) = e(p)).
X(2, 8).
Universal elliptic curve E 4 over X(2, 8) has 10 singular fibers: t 4 = ±i (two cusps above t 1 = ∞) and t 2 4 + 2t 4 − 1 = 0 and t 2 4 − 2t 4 − 1 = 0 (four cusps above t 1 = 0) which are split multiplicative if p ≡ 1 (mod 4) and nonsplit multiplicative otherwise, and split multiplicative t 4 = ±1, 0, ∞(four cusps above t 1 = 0). Denote
, if p ≡ 7 (mod 8).
Proof. a) Since T 2 is equal to the image of implies that (the sum is over
It follows from Proposition 4.1b) that T r(F rob p |W ) = 2b(p) + c(p). The claim follows since Theorem 4.4 implies
and since b(p) = 0 if p ≡ 5, 7 (mod 8) and c(p) = 0 if p ≡ 3, 7 (mod 8).
5.3. X 1 (8) . Universal elliptic curve E 3 over X 1 (8) has 6 singular fibers: split multiplicative t 3 = ∞ and t 3 = ±1 (two cusps above t 1 = 0) and t 3 = 0, ± √ 2 (three cusps above t 1 = 1) which are split multiplicative if p ≡ 1 (mod 4) and nonsplit multiplicative otherwise. Denote
, if p ≡ 3 (mod 8),
Proof. a) By definition, T 3 is equal to the image of 
where the sums are over X 1 (8)(F p ). It follows from Proposition 4.1c) that T r(F rob p |W ) = b(p), and the claim follows. Note that Theorem 4.4 implies
5.4. X(2, 4). Universal elliptic curve E 2 over X(2, 4) has 4 singular fibers: t 2 = 0 (the cusp above t 1 = 1) and t 2 = ∞ which are split multiplicative if p ≡ 1 (mod 4) and nonsplit multiplicative otherwise, and split multiplicative t 2 = ±1 (two cusps above
, if p ≡ 1 (mod 4),
, if p ≡ 3 (mod 4).
c)
Proof. a) By definition, T 1 is equal to the image of F p -points (which are not cusps) on X(2, 4) Fp under the natural map g 1 : X(2, 4) → X 1 (4) of degree 2. Since we have p + 1 − c(2, 4) = 2 t∈T 1 1 the claim follows.
b) We have
Since dim S 3 (Γ 1 (4) ∩ Γ 0 (2)) = 0, it follows T r(F rob p |W ) = 0, and the claim follows. Note that we used
c) We have
It follows from Proposition 4.1d) that T r(F rob p |W ) = d(p). The claim follows. Note that we used
5.5. X(4, 8). For t ∈ F p , t = 0, 1, denote by E ′ t the elliptic curve E t / 2R . The curve E ′ t is given by the equation E ′ t : y 2 = (x − 2t)(x + 2t)(x − 2t + 4), and is isomorphic to the Legendre elliptic curve E 1−t where E t : y 2 = x(x − 1)(x − t). Modular curve X(4, 8) is a moduli space for (generalized) elliptic curves with (linearly independent) points of order 8 and 4 with the fixed value of Weil pairing. We have a map g : X(4, 8) → X(2), given by the (E, Q, P ) → (E, 2Q, 4P ), where Q and P are points on E of order 4 and 8 respectively. The degree of this map is 16 (note that we identify (E, Q, P ) with (E, −Q, −P ) and take in account only those pairs (Q, P ) which satisfy the Weil pairing condition). Denote byg : X(2, 8) → X(2) the map given by (E, Q, P ) → (E, Q, 4P ).
a) If p ≡ 1 (mod 4) and t ∈ T 5 , then E 1−t has full F p -rational 4-torsion, and the point (1, 0) ∈ E 1−t is divisible by 4. b) If p is an odd prime and t ∈ T 4 , then the point (1, 0) ∈ E 1−t is divisible by 4. c) If p ≡ 3 (mod 4) then there are no elliptic curves over F p with full 4-torsion over F p .
Proof. a) and b) Let S ∈ E t be such that 2S ∈ E t (F p ), 4S = R and S is F p -rational. Then S + 2R ∈ E t / 2R is F p -rational and has order 8. The point 4S + 2R maps to the point (1, 0) ∈ E 1−t under E t / 2R ∼ = E 1−t . If p ≡ 1 (mod 4), and T ∈ E t (F p ) of order 2, T = 2R, we have by Proposition 3.1a) and c), that x(T ) is square in F p and that P σ − P ∈ {O, 2R}, for all σ ∈ Gal(F p /F p ), where 2P = T . It follows that P + 2R is F p -rational of order 4. c) If
is an elliptic curve over F p with a, b, c ∈ F p , then it follows from the descent homomorphism that, for example, the point (a, 0) is divisible by 2 over , if p ≡ 1 (mod 8),
, if p ≡ 5 (mod 8),
Proof. a) Let p ≡ 1 (mod 4). It follows from Proposition 3.1 that #T 5 is equal to the number of t ′ s for which the points (1, 0), (0, 0) ∈ E t are divisible by 4 and 2 (in E t (F p )) respectively, which in turn, by Proposition 3.1 is equal to the number of the point in the image of F p -point of X(4, 8) under the map g, i.e. #T 4 = #g(X(4, 8)(F p )).
Note that f 1 (τ ) is the modular form that corresponds under the modularity theorem to the elliptic curve X(4, 8), hence #X(4, 8)(F p ) = p + 1 − a(p). Also, if one point in the preimage of g is F p -rational, then the same holds for all the points in the preimage, so we have that p Let p ≡ 1 (mod 4). There are #T 5 points in the image ofg which are also in the image of g, hence each of these points have eight F p -rational points in the preimage by the mapg, while the remaining #T 4 − #T 5 points have four F p -rational points in the preimage. Hence 8#T 5 + 4#(T 4 − #T 5 ) = p + 1 − c (2, 8) , and the claim follows.
Let p ≡ 1 (mod 4). There are #T 5 elements in the image ofg which are also in the image of g, hence each of these elements have eight F p -rational points in the preimage by the mapg, while the remaining #T 4 − #T 5 elements have four F p -rational elements in the preimage. Hence 8#T 5 + 4#(T 4 − #T 5 ) = p + 1 − c (2, 8) , and the claim follows.
If p ≡ 3 (mod 4) then by Proposition 3.1 there are no elliptic curves over F p with full 4-torsion over F p , hence 4#T 4 = p + 1 − c (2, 8) , and the claim follows.
Next we prove that if p ≡ 3 (mod 4) then #T 0 = 1 2 #T 1 and t∈T 0 P (t) = 1 2 t∈T 1 P (t). By definition, t ∈ T 1 implies that 1 − t = u 2 for some u ∈ It follows that t ′ ∈ T 1 and (t ′ ) ′ = t. Moreover, only one of t = 1 − u 2 and t ′ = u 2 −1 u 2 is a square, hence precisely one of them is an element of T 0 . It follows that #T 0 = 1 2 #T 1 . The second equality now follows from the fact that P (t) = P (t ′ ) (it is easy to check that E t and E t ′ have the same j-invariants). Theorem 1.1 now follows from Proposition 3.2, Proposition 3.3, Propositions 5.1-5.6 and the previous discussion.
Diophantine m-tuples in F p and character sums
In this section, we will use properties of character sums (sums of the Legendre symbols) to show that for arbitrary m ≥ 2 there exist Diophantine m-tuples in F p for sufficiently large p. We will also derive formulas for the number of Diophantine pairs and triples in F p . Proof. We prove the theorem by induction on m. For m ≥ 2 and p > 16 (in fact, for p ≥ 5), we may take the Diophantine pair {1, 3} in F p .
Assume that the statement holds for an integer m ≥ 2. Take a prime p > 2 2m (m+1) 2 . Since p > 2 2m−2 m 2 , there exist a Diophantine m-tuple {a 1 , . . . , a m } in F p . Let g := #{x ∈ F p : a i x + 1 p = 1, for i = 1, . . . , m}. Putting all these formulas together in (6.1), we get 48N (3) (p) = p 3 − 9p 2 + 29p − 33 ∓ (6p − 18), and by writing separately the cases p ≡ 1, 3 (mod 4), we obtain the formula for N (3) (p) given in the statement of the proposition.
For small values for m, the bound from Theorem 6.1 can be improved by direct calculation, or by applying Propositions 6.2 and 6.3 and Theorem 1.1. We get that 
